A REMARK ON REACTION-DIFFUSION EQUATIONS 
IN UNBOUNDED DOMAINS 



Martino Prizzi 

Dipartimento di Scienze Matematiche 

Universita degli Studi di Trieste 
Via Valeric 12/b, 34100 Trieste, Italy 

Abstract. We prove the existence of a compact (L^ — H^) attractor for a reaction- 
diffusion equation in R^. This improves a previous result of B. Wang concerning 
the existence of a compact (L^ ^ L"^) attractor for the same equation. 

1. Introduction 
In this note we consider the reaction-diffusion equation 

(1.1) ut = /\u-\u + f{u)+g{x) in ]0,-F(X)[xM^. 
We make the fohowing assumptions: 

(1.2) A>0, g(^L\m.'')- 

(1.3) /(O) = 0; f{s)s < 0, /'(s) < C for all s G M; 

(1.4) \f'{s)\ <C{l + \sf) forallsGM, 
where C is some positive constant and 

(1.5) 0</3 ifiV<2; < /3 < min{(272) - 1, 4/iV} if iV > 3. 

In the sequel, we write and instead of L^{R^) and H'^{R^). More- 
over, we denote by (•,•) the scalar product of L^, by |j • || the norm of 
and by || • H^; the norm of any other space E. It is well known (see e.g. [|[) 
that the Cauchy problem for equation ( |1 . 1\ ) is well posed for initial data 

(1.6) u{0, x) = uq{x) 

in the space L^. Actually, equation (|l.l| ) generates a global semiflow vr in 
and in H^. The following lemma summarises some well known a-priori 
estimates for the semiflow vr (see Q, Lemmas 1 and 2): 

Lemma 1.1. Assume conditions (l.i)-l^^ are satisfied. Then 



1. there exists a constant K > {) and for every R> there exists T{R) > 
such that, if u £ L'^ and \\u\\ < R, then ||7r(t, u) < K for all 
t > T{R); 

2. For every R > there exists a constant K{R) such that, if u a and 
W'uWh'^ < R, then \\-K{t,u)\\u\ < K{R) for all t>0. 
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It is a classical result that, if is replaced by a bounded domain C 
M^, equation ( pTl] ) possesses a compact (L^ — ff-*^) attractor (see e.g. 
01 and (P). The proof of this fact relies essentially on the compactness 
of the Sobolev embedding H^{Q,) C L^(i7). If Q is unbounded, the Sobolev 
embedding may be no longer compact and new techniques are needed. In 
Babin and Vishik proved the existence of a compact attractor for equation 
( |1.1D in an unbounded domain, but they needed to introduce weighted spaces 
in order to overcome the difficulties arising from the lack of compactness. 
The choice of weighted spaces, however, imposes some severe conditions on 
the forcing term g and on the initial data. In B, B. Wang obtained for 



the first time the existence of a compact attractor for equation (LI) in the 
'natural' space L^. The crucial step in his proof is the following 

Theorem 1.2 (Wang '98). Let (u„)„gN be a bounded sequence in and 
let (in)nGN be a sequence of positive numbers, t^ ^ oo as n ^ oo. Then 
there exists a strictly increasing sequence of natural numbers {nk)k(zfq and a 
function u £ L'^ such that 7r(t„j,, u^^,) u in L"^ as k —> oo. In other words, 
TT is asymptotically compact in the strong topology. 



Combining Lemma 1.1 and Theorem |1.2| with the abstract results of 



[y] and IQ, one easily obtains 

Theorem 1.3 (Wang '98). The semifiow vr possesses a compact (L^ — 
attractor. 



On the other hand, the 'natural' energy associated to equation (1.1) is 
given by 

(1.7) £(u) = - [ |Vnp(ix + — [ |up(ix— / F{u)dx— [ gudx, 
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where F'{s) = /(s), s € M. The gradient structure of equation (LI) implies 
that, along any given nonconstant solution of ( |1.1| ), the energy £ decays 
and asymptotically approaches some limit level. The question then arises, 
whether the cj-limit of a given orbit lies at the energy level asymptotically 
approached by the orbit itself. Since £ is continuous on H^, the problem 
becomes that of proving the asymptotic compactness of vr in the strong 
topology. However, it seems definitely not trivial to obtain such a result by 
means of estimates involving the energy £. 

Very recently Efendiev and Zelik in Q considered the more general prob- 
lem 

(1.8) ut = Au- Xu + f{u,Vu) + g{x) 

in three spatial dimensions. Using energy estimates and comparison argu- 
ments they proved, among other things, the existence of a compact {H" — 



H°') attractor for (1.8), where H°' is some fractional space between and 
H^. Their technique, however, exploits the Sobolev imbedding C L°°, 
which is no longer true in higher space dimensions. 

We have found more convenient to follow a different way: in this note 
we show that the asymptotic compactness in can be recovered from the 
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asymptotic compactness in by a simple continuity argument (Theorem 



2.3). As a consequence, we deduce that the {L? — L^) attractor, whose 
existence was estabhshed by B. Wang, is actuahy an (L^ — H^) attractor, 
hke in the case of bounded domains (Theorem 2.4). The proof is very simple 



and is based on Henry's theory of abstract parabolic equations (see [Q). 

Finally, we would like to mention the recent results obtained by Zelik 
in [^], concerning the existence and the entropy of locally compact attrac- 
tors for equations like (1.1). See also [11|, where similar results have been 



obtained for a dampded wave equation in 

2. The proof 

Define the bilinear form 
(2.1) a{u,v) := / Vu{x) ■ Vv{x)dx, u,v£H^. 



The form a(-, •) uniquely determines a self-adjoint operator A: D{A) C 
LP' , defined by the relations 

(2.2) 

{d{A) := {n G iJ^ I G such that a{u,v) = {w,v) for all v G H^} 
)Au:=w for u G D{A) 

The self-adjoint operator —A is the generator of an analytic semigroup of 
linear operators e~^^, t > 0, satisfying the following estimates: 

(2.3) ||e"^*u|| < Me^^llull for all n G and all t > 0, 

(2.4) Wc-'^^uWhi < Me"*t-^/2||u|| for ah G and all t > 0, 
where M and a are two positive constants. We need also the following 

Lemma 2.1. The assignement u f ou defines a map f : Lp' , which 

is Lipschitz continuous on every bounded set in . 

Proof. By (|l]J) we have 

1/(^)1 <c(i.i + i.ri). 

Let u G H^. Then 



\f{u{x)ydx <2C [ / \u{x)\^dx+ / \u{x)\''^''+'Ux 

Jrn J^n 

2C n|n||^ -1- llullj^i^^g+i) 



Since 2 < 2{j3 + I) < 2* , H'^ is continuously imbedded in L2(^+i). Then 
there exists a constant Ci such that 

/ \f{u{x)\'^dx < 2C (\\uf + Ci||u||!5f+^)) 
Jrn V / 



and hence 



||/(n)||<2C(||n||+Ci||n||(^+^)) 
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This shows that / : — > is weh defined and maps bounded sets of 
to bounded sets of L^. 



Now let si, S2 € By the mean value theorem and by (1^) we have 

\fisi) - fis2)\ = \f'i9si + (1 - 9)s2)isi - S2)\ 

< Cil + \esi + (1 - 6')S2|^)|S1 - S2I < + \sif + \s2f)\si - S2\, 

where = 9{si,S2), < 9 < 1, and Ci is a positive constant. Let ui,U2 G 
H^, \\ui\\iji, \\u2\\h'^ ^ R- Then we have 

\fiui{x))-f{u2{x))\^dx 

< 2Ci [ (1 + |ni(x)|2^ + \u2{x)nui{x) - U2ix)fdx. 

Let p := 27(2/3) > 1, q := p/{p - 1) = 2*7(2* - 2(3). Then, by Holder 
inequality, we get 

l/(ui(x)) - f{u2ix))\'^dx < 2Ci [ \ui{x) - U2ix)\'^dx 

+ 2Ci (^lllilll^a. + 11^211^^.^ - U2\\\2q- 

Since 2 < 2*7 < 2*, is continuously imbedded in L^'^. Then there exists 
a constant C2 such that 



\f{ui{x)) - f{u2{x))\ dx < C2(l + \\ui\\/ji + ||n2||^i)||ni - U2\\hi 
and hence 

- f{u2)\\ < + 2i?2/3)l/2||^^ _ 

The proof is complete. □ 



Following Henry the Cauchy problem (1.1)-( [L6|) , for initial data uq G 



-ff^, can be formulated as an abstract parabolic initial value problem 

1^2 5) |n + An = -Au + /(u) + 5 

|n(0) = no 

It is well known that equation (|2.5D is equivalent to the integral equation 
(2.6) u(t) = e-^'uo + f e-^(*-') (-An + f{u{s)) + g)ds. 

We have the following crucial 







Lemma 2.2. Let (n„)nGN be a sequence in H^, letu G , and assume that 
Un ^ u in , Un u in . Then 7r(t,n„) 7r{t,u) in , uniformly on 
[tQ,ti\, for all ti > to > 0. 
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Proof. Let ti > be fixed. Since the set {n„ | n G N} U {u} is bounded 
in H^, by Lemma there exists R > such that ||7r(t, < R and 

||7r(t, < R, for ah t G [0, ti] and for ah n G N. Let L be a Lipschitz 

constant for / on the ball of radius R in H^. Write := ■iT{t,Un) and 

u{t) := 'iT{t,u). For t £ [0,ii], we have 

Unit) = e-^*Un + [ e-^(*-")(-An„(s) + /(u„(s)) + g)ds 
Jo 

and ^ 

u{t) = e~^'u+ [ e-^^'-''>{-\u + f{u{s)) + g)ds. 
Jo 

It follows that, for t £ [0,ti], 

\\un{t) - u{t)\\Hi < Afe"*it"^/2||n„ - u\\ 

+ M(A + L)e"*i / [t- s)-^/^\\un{s) -u{s)\\Hids. 
Jo 



By the singular Gronwall's Lemma (see [^), there is a constant Ci = 
Ci{X,L,M,a,ti) such that, for t G [0,ti], 

- < Me^^H-^^^Wun - u\\ 

+ Ci I {l + {t- s)-^/'^)Me''^H-^/^\\un-u\\ds. 
Jo 



Finally, a simple computation shows that there exists a constant C2 = 
C2iX,L,M,a,ti) such that, for t G [0,ti], 

\\Un{t) - u{t)\\Hl < C2{1 + t^^^^)\\Un - u\\. 

This completes the proof. □ 

Remark. It seems that such a result cannot be obtained as a consequence 
of a-priori estimates like the ones in |Q. In a different context, a similar 
observation was made also in Q. 

The next theorem shows that, thanks to Lemma the asymptotic com- 
pactness of TT in implies the asymptotic compactness of vr in H^. 

Theorem 2.3. Let {un)neN a bounded sequence in and let {tn)neN 
be a sequence of positive numbers, tn —>■ 00 as n ^ 00. Then there exists 
a strictly increasing sequence of natural numbers {nk)km and a function 
u G such that 7r(t„j,,u„^) ^ u in as k ^ 00. In other words, ir is 
asymptotically compact in the strong topology. 

Proof. Fix any positive T. Since f„ ^ 00 as n ^ 00, we have tn > T for all 
sufficiently large n, say n > uq. Since the sequence {un)n£N is bounded in 
H^, by Lemma LI also the sequence 7r(t„ — T,Un)n>no bounded in H^. 
Then there exists a strictly increasing sequence of natural numbers {nk)ken, 
> ''^0 for all A; G N, and a function u G such that vr(t„^ — T, tin^) ^ u 
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in as /c — > oo. On the other hand, by Theorem |1.2| , we can choose the 
sequence {nk)keN in such a way that '/r(t„j. — T,Un^.) — u in as A: — oo. 
Then, by Lemma |2.2| , we have 

7r{tn^,UnJ = TT{T,TT{tni, - T,UnJ) T^{T,u) in as k ^ oo. 

The proof is complete. □ 

Finally, we can state and prove 

Theorem 2.4. The semiflow vr possesses a compact {LP' — H^) attractor. 

Proof. By Lemma 1.1 there exists a bounded set B in and for any 
bounded set B in Lr there exists T{B) > such that 7r{t, B) C B for 
all t > T{B). On the other hand, by Theorem 2^ vr is asymptotically com- 
pact in . The conclusion follows from the abstract results of Q and 

□ 



Remark. Of course, by Lemma 1.1, the {Lp' — L?) attractor and the [L^ — H^ ) 
attractor coincide. Moreover, by the continuity result of Lemma |2.2| , the 
Hausdorff (or the fractal) dimension of the attractor is the same InLr and 
in H^. 
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